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Fig. 2 Effect of surface mass transfer on skin friction.

transfer parameter F,, and the curves are parameterized
by & The case £ = 0 corresponds to the flat plate. By
inspecting the figure, one sees that the general effect of blow-
ing (F,, < 0) is to decrease the skin friction, whereas suction
(Fy > 0) increases the skin friction. Further study shows
that, for a given value of the F,, parameter, the effect of sur-
face mass transfer is diminished as £ increases. Thus, the
flat plate is most affected by surface mass transfer and cylin-
ders (r, < ) are affected to a lesser extent.

The essential point of this finding is that surface mass
transfer and transverse curvature oppose one another. In
the case of blowing, the boundary layer is thickened and the
skin friction is reduced; however, the thickening of the
boundary layer accentuates the transverse curvature effect,
which in turn tends to increase the skin friction. The net
effect is a reduction in skin friction, but to an extent that is
less than that for the flat plate.

Next, attention may be directed to a comparison of results
for the two distributions of surface mass transfer as shown
in the upper portion of Fig. 2. The ordinate is the ratio of
¢s Re,Y? for uniform mass transfer to ¢, Re,V? for the v, ~
792 mass-transfer distribution. In general, it appears that
the =12 distribution is somewhat more effective in increasing
skin friction by suction and decreasing skin friction by
blowing than is the uniform distribution. However, aside
from the flat plate with blowing. the results are remarkably
insensitive to the detailed distribution of the surface mass
transfer.

Numerical values of the displacement thickness cannot
be reported here because of space limitations, but these are
available in Ref. 4. As a final remark, it is of interest to
note that the present investigation extends the range of re-
sults for uniform blowing for the flat plate. Previous
information, obtained by a finite-difference solution’ was
restricted to F, = —0.141 and —0.283.

References

! Lew, H. G., “The asymptotic behavior of the boundary layer
to transverse curvature,”’ J. Aeronaut. Sci. 23, 276-277, 895-897
(1956).

2 Steiger, M. H. and Bloom, M. H., “On thick boundary layers
over slender bodies with some effects of heat transfer, mass
transfer, and pressure gradient,”” Intern. J. Heat Mass Transfer
5,513-520 (1962).

3 8eban, R. A. and Bond, R., “Skin friction and heat transfer
characteristics of a laminar boundary layer on a cylinder in axial
incompressible flow,”’ J. Aeronaut. Sci. 18, 671-675 (1951).

¢ Wanous, D. J., “Heat transfer and skin friction for longi-
tudinal flow over a cylinder with surface mass transfer,”” M.S.
Thesis, Dept. of Mechanical Engineering, Univ. of Minnesota
(1963).

5 Lew, H. G. and Fanucci, J. B., “On the compressible bound-
ary layer over a flat plate with suction and injection; J. Aero-
naut. Sci. 22, 589-597 (1955).

TECHNICAL NOTES 149

A Practical Note on the Use of
Lambert’s Equation

Geza S. GEpEON*
Northrop Space Laboratories, Hawthorne, Calif.

Nomenclature
© =~ GM product of universal gravitational constant and
mass of principal attracting body
e = eccentricity
a = semimajor axis
r = separation from the dynamical center
¢ = chord
s = (ry + r 4 ¢) /2= semiperimeter
z = s/2a = argument of the Lambertian series
w = (1 — ¢/s8)Y? = shape factor
ng = (p/s*)Y* = mean motion based on semiperimeter
1-3:5...020 — 1),
An 2.4.6...(2n) P A =1
N = ngd = mean anomaly based on semiperimeter
a, 8 = Lambert’s angles for elliptic orbits
v, 8 = Lambert’s angles for hyperbolic orbits
k = =41
m = 1,2...integer

HEN the time of flight is given between two terminals,

the equations of Lambert are used to determine the
orbit. These equations, however, have several drawbacks,
and the following will show how to overcome these difficulties
without compromising the simplicity of the original expres-
sions.

Lambert’s equations are the following:
Hyperbolic Orbits

t = (|a|*/w2[(sinhy — v) — (sinhd — )] {®
sinh(v/2) = (s/2|a])1
sinh(8/2) = [(s — ¢)/2|a|]V2
Parabolic Orbits
t = 22/ F (s — c)¥2] 3)
Elliptic Orbits

t= (@/w"2[(l ~ kymr + k(e — sina) ¥ (8 — sinB)] (&)

. @ s \¥2 . B § — c\V?
sing <2a> sing, = < % ) (5)
where kb = =1andm = 1,2 ... integer number of loops (see,
e.g., Ref. 1).

To solve these equations for a on an automatic digital com-
puter, the fast and efficient Newton-Raphson method can be
applied if the derivatives are available. To obtain these
derivatives, the auxiliary equations (2) and (5) will be
eliminated by the introduction of the variable

2 = 8/2a (6)

@)

and the constants
w = (1 — ¢/s)V? ns = (u¥/s)M? (M

With these substitutions, Egs. (1) and (4) and their deriva-
tives can be written in the combined form

p_ 1 1 -
- 2|zll/2 21/2 ( 2
2] 121~ 2)ve] — [f(w]2| ) ~

N=mn E o L)

wlz[ v2(] — ,wzz)uz]} (8a)
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Fig.1 Geometry of elliptic trajectories.

and

AN 1 k w? 3N

dz [z|21/2{(1 — U2 (1 — w2 2T/2} (8b)
In these equations, for hyperbolic orbits, f = arcsinh,

k = +1, and for elliptic orbits, f = aresin, £ = *1.

These equations are free from ambiguity if it is agreed that
k = -1 when the empty focus falls outside the area enclosed
by the chord and the trajectory and & = —1 if it falls inside
of it. Also w is positive if the central angle is less than = and
negative if greater than 7 (see Fig. 1). Finally, Eq. (3) with
the new notation becomes

N = (2"/3)0 ~ w?) 9)

For z = 0, Egs. (8) exhibit undeterminancy problems that
can be eliminated by broadening the region of validity of Eq.
9).
From Eq. (8a) with £ = 41, and permitting 2V/2 to take
on imaginary values, one gets

d(z32N) B 1 { 212

,w3 Z1/2

- wzz)uz} 10
Expanding Eq. (10) around z = 0 by

dz 2v2 | (1 — 22

=22 =3 Auer
n=0

1:35...02n—1)

- = 11
where Ao = 1 4 24.6... @ OV
it becomes
d(z32N Yz { @ ®
(zd ) _ ;T/z {2 Ao — w* Y Anw2nzn} (12)
2 n=0 n=0

which can be integrated to yield

1 i A,
N — — op2nt8) g t3/2
232N E {n§=0 by (1 — wintd)z } +C (13)

The constant of integration for z = 0 is obtained as C = 0.
Then dividing by 22 the result is (see also Ref. 2)

hd An
— 91/2 — gp2nt+3n
N =2 n§=0 on + 3 (1 — wint3)z (14a)

The derivative of this equation is

fi_]\_f._ 1/2 - nd, — ap2n+3)n—1
= 9 ,,Z=:1 T3 (1 — wn+3) (14b)

dz

Now Eq. (14) is valid between z = —1 and 41, where the
power series converges. Note, however, that near the limits
the convergence is very slow.

Finally, the question of which equation to use and with
what value of 2 to begin the iteration emerges. To answer
this question, three numbers must be calculated which are
related to 2 = —1, 0, +1:

N =1— (1/2¥9){(sinh~11 — sinh~w) +
w(l + w2 (15)
Ny = (2v2/3)(1 — w?) (16)
N = (1/2¥){z/2 — sin"w + w(l — w)¥2} (17)
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Defining A = (No — N_,), the following trouble-free
regimes and initial z values can be recommended:

1) N< I:N_1+ <$>J, use the hyperbolic form of

Egs. (8) withz; = —land & = -+ 1.

2) [N_1 + (?)jl <N <L <No + A>, use the parabolic

form of Eqs. (14) withz; = 0

3) (Ny+ A) < N < N4y, use the elliptic form of Egs. (8),
with z; = 0.75 k = +1

4) N+ < N, use the elliptic form of Egs. (8), with z; =
0.75 and k¥ = —1 and m according to the problem.

References

! Battin, R. H., Astronautical Guidance (McGraw-Hill Book
Co., Inc., New York, 1964).

2 Gedeon, G. 8., “Lambertian mechanics,” Proceedings of the
XII International Astronautical Congress (Springer-Verlag,
Wien, and Academic Press Inc., New York, 1963).

Determination of Mass Eroded from
Pulsed Plasma Accelerator Electrodes

T. L. RoseBrock,* D. L. CLINGMAN,T AND
D. G. Gussinsi
General Motors Corporation, Indianapolis, Ind.

NOVEL method has been devised for the capture of
[ plasma discharge products for subsequent determination
of the ercded electrode mass. The technique also permits si-
multaneous measurement of the plasma linear momentum
for the accelerator considered.

The apparatus consisted of a ballistic pendulum with a
cylindrical bob, the axis of which was colinear with the ac-
celerator axis. The pendulum bob was lined with chemically
pure filter paper and completely surrounded the discharge
zone, including the electrodes. The accelerator consisted of
two parallel cylindrical 0.006-m-diam electrodes, 0.2 m in
length, spaced on 0.025 m centers. The electrodes were con-~
nected through a coaxial spark gap switch to a 6.4-uf capaci-
tor charged to 15 kv. Propellant materials were 1-mil-diam
silver wires 0.019 m in length. All experiments were carried
out at pressures of 5 X 1075 torr or less.

The propellant mass accelerated in a typical discharge was
on the order of 107 kg. Since it was assumed that the eroded
mass was only a small fraction of the propellant mass (this
assumption was subsequently confirmed by the experiment),
samples were prepared by accumulating the discharge prod-
ucts of ten successive shots, and an average value of the eroded
mass determined therefrom.

A trend of increasing momentum with accumulated firings
had been observed! when the electrodes were not cleaned and
polished between firings. After about 30 shots, the momen-~
tum stabilized at a value approximately 109, above the initial
value. In order to determine if a correlation existed between
erosion and momentum change, deposits were collected for
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